
Homework 1: BEC in a trap
Homework is due Tuesday September 9th. As a reminder, collaboration between students is encour-
aged, but everyone must turn in their own solutions.

This problem is based on NJP 10, 045006 (2008). 
In statistical physics class you learned about Bose-Einstein Condensation (BEC) in free space. How-
ever, in ultracold atom experiments condensation typically takes place in a harmonic trap as opposed to 
free space. In this problem we will investigate the difference between condensation in a trap and in free 
space.

Part A: condensation in free space

Bose-Einstein condensation occurs when the lowest energy level becomes macroscopically occupied, 
that is it contains a finite fraction of the total number of atoms. Suppose that the atom density of a d-
dimensional system is ρ𝜌. 

(1) Show that the atom density that can be accomadated by excited states, ρ𝜌x, is
ρ𝜌x = ∫ ⅆdk

(2π𝜋)d
1

ⅇβ𝛽(ϵ𝜀k-−μ𝜇)-−1
where ϵ𝜀k =

ℏ2 k2

2m
. 

(2) For a Bose system, μ𝜇 must be smaller than the ground state energy, why? 
(3) Find maximum ρ𝜌x as a function of β𝛽 = 1

kB T
 in two and three dimensions. What is the difference 

between the two answers?
(4) What is the critical temperature for BEC to occur in 3D?

Part B: condensation in a trap

Now let us consider the situation in a d-dimensional trap, in which the single-particle Hamiltonian 
is:

H2D =
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2 z2

(1) For the case of a cylindrically symmetric trap ω𝜔x =ω𝜔y =ω𝜔0 (spherically symmetric in 3D), find the 
spectrum of the single particle states. What are the allowed energies? What is the degeneracy of each 
energy level?

(2) Assume that kB T >> ℏω𝜔0. Assuming Bose-Einstein distribution, compute Nx the maximum number 
of atoms that can fit into excited states (that is all states but the ground state) at a given temperature. 
Hint: use the assumption to transform the sum into an integral. Unlike the free space case, the total 
number of atoms in a trap must be finite. We will label a system as condensed if all atoms cannot fit into 
excited states. Show that both in 2D and 3D there is a critical temperature below which condensation 
occurs.

(3) Bonus part: Relate the critical temperature you found in the previous part to the atom density in the 
trap. Show that in the 3D case as one relaxes the trap ω𝜔0 → 0 the critical density at the trap center 
approaches the free space result. Show that in the 2D case that there is a Logarithm in the relation 
between critical density and trap frequency, this logarithm results in the divergence of the critical density 
as ω𝜔0 → 0 at fixed temperature. [Part 3 can be done numerically for full bonus credit, however it is 
possible to obtain asymptotic relations analytically as well. Hint: Only wave functions with zero angular 
momentum contribute to density at r → 0.]
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