
Homework 3
Homework is due Tuesday October 7th. As a reminder, collaboration between students is encouraged, but 
everyone must turn in their own solutions.

Problem 1: vortices in a strip
This problem is based on Sov. Radiophys. 14, 722 (1973), PRL 107, 017002 (2011) and arXiv:1406.6802. In 
this problem we will study the energetics of vortices confined to a 2D strip using methods from complex analysis.

In class, we showed that 2D superfluids (and superconductors) can be described using the effective free energy

F = "s
2 ∫$2x (∇')2

where "s is the superfluid stiffness and ' is the phase of the order parameter. Vortices correspond to a singular-
ity in the ' field at position x0, where ∇ ×∇' = *(x + x0). 

Part 1: Consider a single vortex placed at the origin of an infinite 2D superfluid/superconductor. Write down the 
phase of the order parameter around the vortex, and using the Cauchy-Riemann equations show that the phase 
of the order parameter is the imaginary part of the function Log[z], where z = x + / y.

Part 2: The free energy of the superflow around the vortex is the superfluidic equivalent of the self-energy of a 
charge in electrostatics. Show that the free energy diverges both at long and short distances just like the elctro-
static energy of a charge in 2D electrostatics.

The short distance divergence is an artifact of the fact that in writing the effective free energy we have forbidden 
the order parameter magnitude from varying near the vortex core. This divergence can be cured by introducing 
a short range cut-off a, which should be on the order of the healing length 0. 

The long distance divergence highlights the difference between 2D and 3D electrostatics. Show that in 3D 
electrostatics the total energy of the electric field surrounding a charge does not have a long distance divere-
gence, while 2D systems it does. Hence, infinite 2D systems require charge netrality or a balance between the 
number of vortices and anti-vortices.

Part 3: Now consider a vortex at position (x = 0, y = d) placed in a superfluid/superconductor that occupies the 
upper half-plane: 0 < y <∞. The boundary condition along the line y = 0 is y3 ·(∇') = 0, why? To satisfy this 
boundary condition we can use the method of image charges (or in this case image vortices). Write down the 
complex valued function, the real part of which is the electrostatic scalar potential and the imaginary part of 
which is the superfluid phase for our vortex in a half-space. By appealing to the mapping between 2D superflu-
ids and 2D electrostatics, find the free energy of the vortex in the half space (remembering the short distance 
cut-off a). You can obtain this answer without having to perform any integrals by working in the electrostatics 
picture! 

Part 4: It is known from complex analysis that conformal maps, i.e. analytic functions that map the complex 
plane back to itself, take harmonic functions (that is function f [x, y] = f [z = x + /y] that satisfy the Laplace equa-
tion ∇2 f = 0) to other harmonic functions. Hence if we have one solution of the Laplace equation, under a confor-
mal map we can find another solution. Show that the conformal map z = 56 u7w, where w is a positive real num-
ber, maps the upper half plane 0 < Im z < ∞ onto a strip 0 < Im u <w. Specifically, show how the boundary at 
Im z = 0 gets folded onto the boundary of the strip.

Part 5: Using the map from part 4, show that the potential at point u from a vortex at point u0 is

Gstrip[u, u0] = 26 "s Log 5
6 u7w+56 u07w

56 u7w+56 u0
9 w 

where u0
9  is the complex conjugate of u0. ReGstrip[u, u0] corresponds to the electrostatic potential while 

ImGstrip[u, u0] = '[u]. Using the elctrostatic potential, we can immidiately find the energy of interactions 
between a collections of vortices:

Evortex+vortex = ∑i, j? 26 "s Log 5
6 ui 7w+56 ujw

56 ui 7w+56 uj
9w 

Part 6: Obtain the free energy of a vortex as a function of its postion in the strip. Note that the free energy can 
be computed using

F = ∫(∇Re[G[u, uo]]) (∇Re[G[u, uo]]) = ∫Re[G[u, uo]] ∇2 Re[G[u, uo]] = limu@u0 Re[G[u, u0]]

The limit in this expression diverges due to short range physics discussed in part 2. Since we want to know how 
the free energy of the vortex changes as we move the vortex across the strip, we can subtract this divergence 
(26 "s Log[u + u0]) and hence obtain a sensible answer. However, the answer must be normalized, this can be 
accomplished by adding a constant so that the energy of a vortex a distance a away from the strip edge is zero. 
Plot this answer and explain it’s features in terms of image vortices.

Part 7: (Final part) In the superconducting case, a magnetic field tends to attract vortices towards the center of 
the strip. In this case, the potential energy of a vortex is Evortex+B = (26)2  "s B

Φ0
 y + w

2
2 + 0 + w

2
2. Plot the 

energy of a vortex, as a function of its position in the strip, for several values of the magnetic field. Show three 
distinct regimes: vortices are unstable in the strip, vortices are meta-stable in the strip, vortices are completely 
stable in the strip. 
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Images of vortices in superconducting strips Phys. Rev. Lett. 92, 097003 (2004)
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