
Homework 4
Homework is due Tuesday November 4th. As a reminder, collaboration between students is encouraged, but 
everyone must turn in their own solutions.

Problem 1: collapse and revival of superfluid coherence
This problem is based on Greiner et al Nature 419, 51 (2002) 

Ultra cold atom experiment allow us to probe dynamics of many-body systems in regimes that are very difficult 
in the condensed matter. In this problem we will look at one example of this type of dynamics: the collapse and 
revival of superfluid coherence in an optical lattice.

Consider a Bose gas in an optical lattice. This gas is described by the Hamiltonian

HBH = "J ∑〈ij〉bi
† bj " ' ∑i ni +

U
2
∑i ni(ni " 1)

Following the notions from class, let us make the assumptions that (1) we are working at large particle number 
and hence n ≃ n + 1  and (2) we are working at a particle-hole symmetric point.

In class, we showed that the superfluid ground state wave function can be written in the form

,〉 = ∏i /"0 1i"0 2i Cos[4i]Sin[6i] n " 1i + /0 1i Sin[4i] ni + /"0 1i+0 2i Cos[4i]Cos[6i] n + 1i

Part 1: By minimizing 〈,tr HBH ,tr〉, obtain the dependence of the variational parameters 4, 6, 1, and 2 on ', 
U, and J. Identify which of the parameters corresponds to the superfluid phase and is therefore arbitrary. Please 
set this parameter to zero.

Part 2: Consider starting in the superfluid phase and rapidly quenching the system deep into the Mott insulating 
phase by setting J9 0. Experimentally, this can be achieved by rapidly increasing the optical lattice depth. In 
terms of the time evolution,  J9 0 is a particularly simple case as the sites of the lattice become completely 
decoupled. Compute the evolution of the wave function ,tr〉 by extremizing the Lagrangian

L = ∫; t 〈,tr 0 <t"HMI ,tr〉

where HMI =
U
2
∑iCos[4i]2. [Note, unlike the time evolution in class, where we looked for small deviations from 

equilibrium values, this time evolution involves large deviations]

Part 3: Removing the optical lattice and letting the atoms interfere will essentially measure the correlation 
function Cij = bi

† bj. Within our trial wave function approximation this correlation function can be split into 

Cij =
bi

† bj if i ≠ j

〈ni〉 if i = j
 

Compute the dependence of bi
†, and hence Cij, on time after the quench. Show that the superfluid coherence 

will collapse and revive periodically in time. What is the period of the revivals?

Part 4: Below are atom interference patterns (from actual experiments) at various times after the quench. [a, 
0ms; b, 100ms; c, 150ms; d, 250ms; e, 350ms; f, 400ms; and g, 550ms.] Identify the frames showing the com-
plete collapse and the complete revival of coherence and hence extract the interaction strength U.
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macroscopic matter wave field w¼ kaðtÞjâjaðtÞl; which has an
intriguing dynamical evolution. At first, the different phase evol-
utions of the atom number states lead to a collapse of w. However, at
integer multiples of the revival time trev ¼ h=U all phase factors in
the sum of equation (2) re-phase modulo 2p, leading to a perfect
revival of the initial coherent state. The collapse time t c depends on
the variance j2n of the atom number distribution, such that tc <

trev=jn (see refs 1–5). A more detailed picture of the dynamical
evolution ofw can be seen in Fig. 1, where the overlap of an arbitrary
coherent state jbl with the state jal (t) is shown for different
evolution times up to the first revival time of themany-body state8,9.

In our experiment, we create coherent states of the matter wave
field in a potential well, by loading a magnetically trapped Bose–
Einstein condensate into a three-dimensional optical lattice poten-
tial. For low potential depths, where the tunnelling energy J is much
larger than the on-site repulsive interaction energyU in a single well,
each atom is spread out over all lattice sites. For the case of a
homogeneous system with N atoms and M lattice sites, the many-
body state can then be written in second quantization as a product
of identical single-particle Bloch waves with zero quasi-momentum
jWlU=J¼0 /

PM
i¼1 â

†
i

! "Nj0l. It can be approximated by a product
over single-site many-body states jfil, such that jWlU=J¼0 <QM

i¼1 jfil: In the limit of large N and M, the atom number
distribution of jfil in each potential well is poissonian and almost
identical to that of a coherent state. Furthermore, all the matter
waves in different potential wells are phase coherent, with constant
relative phases between lattice sites. As the lattice potential depth VA
is increased and J decreases, the atom number distribution in each
potential well becomes markedly subpoissonian10 owing to the
repulsive interactions between the atoms, even before entering the
Mott insulating state11–13. After preparing superposition states jfil
in each potential well, we increase the lattice potential depth rapidly
in order to create isolated potential wells. The hamiltonian of
equation (1) then determines the dynamical evolution of each of
these potential wells.

The experimental set-up used here to create Bose–Einstein
condensates in the three-dimensional lattice potential (see
Methods) is similar to that used in our previous work11,14,15. Briefly,
we start with a quasi-pure Bose–Einstein condensate of up to
2 £ 105 87Rb atoms in the jF ¼ 2;mF ¼ 2l state in a harmonic
magnetic trapping potential with isotropic trapping frequencies of
q¼ 2p£ 24Hz:Here F andmF denote the total angularmomentum

Figure 1 Quantum dynamics of a coherent state owing to cold collisions. The images a–g
show the overlap jkbjaðt Þlj2 of an arbitrary coherent state jbl with complex amplitude b
with the dynamically evolved quantum state jal(t) (see equation (2)) for an average
number of jaj2 ¼ 3 atoms at different times t. a, t ¼ 0h=U ; b, 0.1 h/U; c, 0.4 h/U;
d, 0.5 h/U; e, 0.6 h/U; f, 0.9 h/U; and g, h/U. Initially, the phase of the macroscopic matter
wave field becomes more and more uncertain as time evolves (b), but remarkably at t rev/2
(d), when the macroscopic field has collapsed such that w < 0, the system has evolved

into an exact ‘Schrödinger cat’ state of two coherent states. These two states are 1808 out

of phase, and therefore lead to a vanishing macroscopic field w at these times. More

generally, we can show that at certain rational fractions of the revival time t rev, the system

evolves into other exact superpositions of coherent states—for example, at t rev/4, four

coherent states, or at t rev/3, three coherent states
2,4. A full revival of the initial coherent

state is then reached at t ¼ h/U. In the graph, red denotes maximum overlap and blue

vanishing overlap with 10 contour lines in between.

Figure 2 Dynamical evolution of the multiple matter wave interference pattern observed
after jumping from a potential depth VA ¼ 8 E r to a potential depth VB ¼ 22 E r and a

subsequent variable hold time t. After this hold time, all trapping potentials were shut off

and absorption images were taken after a time-of-flight period of 16ms. The hold times t

were a, 0 ms; b, 100ms; c, 150ms; d, 250ms; e, 350ms; f, 400ms; and g, 550ms. At
first, a distinct interference pattern is visible, showing that initially the system can be

described by a macroscopic matter wave with phase coherence between individual

potential wells. Then after a time of,250ms the interference pattern is completely lost.

The vanishing of the interference pattern is caused by a collapse of the macroscopic

matter wave field in each lattice potential well. But after a total hold time of 550ms (g) the
interference pattern is almost perfectly restored, showing that the macroscopic matter

wave field has revived. The atom number statistics in each well, however, remains

constant throughout the dynamical evolution time. This is fundamentally different from the

vanishing of the interference pattern with no further dynamical evolution, which is

observed in the quantum phase transition to a Mott insulator, where Fock states are

formed in each potential well. From the above images the number of coherent atoms Ncoh

is determined by first fitting a broad two-dimensional gaussian function to the incoherent

background of atoms. The fitting region for the incoherent atoms excludes

130mm £ 130mm squares around the interference peaks. Then the number of atoms in

these squares is counted by a pixel-sum, from which the number of atoms in the

incoherent gaussian background in these fields is subtracted to yield N coh. a.u., arbitrary

units.

letters to nature

NATURE |VOL 419 | 5 SEPTEMBER 2002 | www.nature.com/nature52 © 2002        Nature  Publishing Group

plete collapse and the complete revival of coherence and hence extract the interaction strength U

Problem II: bound states in various dimensions
Appearance of bound states is essential for formation of Cooper pairs and hence superconductivity.

Part 1: Argue (by way of a variational wave function) that in 1D every attractive potential has at least one bound 
state. Hint: every attractive potential can contain a square well.

Part 2: By way of a counter-example show that in 3D not every attractive potential has a bound state. 

Note about application: In the Cooper problem a pair of weakly at tracing fermions, above a Fermi sea, form a 
bound state in 3D. This is possible, no matter how weak the attractive interactions are, due to the Pauli blocking 
action of the Fermi sea. That is each fermion in the pair must have a momentum greater than the Fermi momen-
tum k > kF. The Pauli blocking reduces the original 3D problem to an effective 1D problem hence guaranteeing 
that a Cooper pair becomes bound.
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